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ABSTRACT 
In the present work, a nonlinear forced vibration model for fiber reinforced composites was 
developed with varying fiber orientations and laminate sequences. A nonlinear viscoelastic beam 
model was developed using nonlinear von Kármán strains and Kelvin-Voigt stress-strain 
relationship to model viscoelasticity. The effect of fiber orientation and laminate sequence was 
included in the model using classic laminated plate theory. Method of multiple time scales was 
used to solve the resulting nonlinear equation and an inverse problem approach was used to 
extract the model parameters from experimental data. Theoretical model parameters were 
calculated and compared to experimentally determined values for different fiber orientations and 
laminate sequences, and a nominally good qualitative agreement was observed. Finally, the 
experimentally extracted model parameters were substituted in the analytical model, and the 
model predictions in terms of frequency shifts were compared against experimental observations. 
Nominally good agreement was observed for 450 and 900 fiber orientations, however the 
experimental observations didn’t match well for 00.  
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1. INTRODUCTION 
The use of composite materials has increased tremendously in the recent past due to its wide 
range of applications. Until recently, composites have been predominantly used in the aerospace 
industry. But with efficient manufacturing the cost of composites has decreased thus making it 
possible for a wide variety of applications. Considerable interest lies especially in the aerospace, 
automotive, and energy sectors where the composite’s weight saving quality has been exploited. 
The flexibility of tailoring the material properties of the composite structure by varying 
parameters such fiber orientation, laminate sequence, etc. allows for an increased application 
range. However, with increase in usage of composites, a complete characterization including the 
nonlinear response of composites becomes vital, specifically in situations where the vibration 
amplitude of the structure makes it a nonlinear vibration. Since there are several possible 
combinations of fiber orientation, laminate and other factors, building a nonlinear model would 
allow for characterization of the nonlinear response of the laminates without the need to fabricate 
and test them. By developing a closed form solution, a laminate of any given fiber orientation or 
laminate sequence can be characterized, and such a model could also be applied for any fiber 
reinforced system, not just carbon/epoxy.  
Some of the early work on linear and nonlinear vibration of plates and shells was performed in 
the 80’s by Hui [1-4] and Reddy [5], including the effect of hysteretic damping [4]. Following 
them, several researchers have built forced vibration models for both linear and nonlinear 
analysis using analytical formulation, or finite element or combination of both having a semi-
analytical finite element formulation. A semi-analytical approach was used for examining the 
forced and free vibration of S-S and C-C beams by Azrar et al. [6,7]. Several researchers [8,9] 
have also used inextensibility assumption of the beam to study planar vibrations, including 
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Mahmoodi et al. [8,9] who investigated the nonlinear vibration of a cantilever viscoelastic beam 
by modeling it as an Euler-Bernoulli beam with Kelvin-Voigt damping. A two layered model 
with carbon nanotube-epoxy mixture was studied both analytically and experimentally. 
Nonlinear vibration of viscoelastic laminated or sandwich structures have also been performed 
by several researchers [10,11]. Youzera et al. [10] studied a three layer beam with composite 
core using a nonlinear damped model by performing forced vibration analysis. More recently 
some of the earlier described nonlinear theories have been extended for functionally graded 
materials (FGM) [12,13]. Shooshtari et al. [12] studied nonlinear forced vibration of clamped 
functionally graded beams without damping. Similarly, nonlinear vibrations of magneto-electro-
elastic shells [14] and piezoelectric fiber reinforced composites [15] have also been studied. Qu 
et al. [16] presented a three-dimensional linear free vibration analysis of composites of different 
parallelepipeds including beams, plates and solids. Although linear assumptions were used, 
extensions to include geometric or materials nonlinearity remains a possibility.  
Using an approach similar to earlier work by other researchers [8,9,12], a nonlinear forced 
vibration problem was framed using nonlinear von Kármán strains and Kelvin-Voigt damping. 
The viscoelastic contribution comes from the matrix, and by using the laminated beam theory, 
the effect of fiber orientation and stacking sequences can be captured. The resulting nonlinear 
equation was solved using method of multiple scales to obtain the frequency-response equation. 
Three model parameters which control the frequency response equation, namely linear 
frequency, damping and nonlinearity parameter were identified and calculated theoretically. An 
inverse problem approach was used to extract these model parameters from experiments to 
compare directly with theoretical predictions.  
2. NONLINEAR FORCED VIBRATION MODEL 
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The present model follows the classical laminated plate theory (CLPT) [17]. According to 
Kirchhoff hypothesis, the displacements are given as: 
, , ,  = 	, ,  −                                                (1) , , ,  = 	, ,                                                         (2) 
Where t is the time and u0 and w0 are the in-plane and transverse mid-plane displacements. The 
von Kármán type nonlinear strain-displacement relationship is given by: 
 =	 +	   −                                                (3) 
Assuming the solid to be viscoelastic, a linear elastic stress-strain relationship together with 
Kelvin-Voigt damping term for the viscoelastic contribution is given by: 
 =  + 	                                              (4) 
where, E is the Young’s modulus which can be written as stiffness matrix, η is the Kelvin-Voigt 
damping term which controls the strain rate. Eq. (4) can be written as: 
 =  +	                                              (5) 
where, σe is the elastic component of the stress-strain response, and σv is the viscoelastic 
component.  
By using the extended Hamilton’s principle;  
 ! " − П +$% & = 0                                              (6) 
where, K is the kinetic energy, П is the potential energy, and W is the work done by non-
conservative forces. Potential energy can be rewritten as: П = ( + ), where U is the elastic 
strain energy and V is potential energy change from conservative external forces.  
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Writing out each term separately: 
 ( = 	∯  &+ ⁄-+ ⁄ &&                                             (7) 
																																												 ) = 	−∯ ./ , 0 &&&+ ⁄-+ ⁄                    (8) 
																 " = ∯ 1 2  −        −  3   +    4 &&&+ ⁄-+ ⁄ 	         (9) 
 $ = 	−∯  &+ ⁄-+ ⁄ &&                                              (10) 
where F is the external force applied, σv is the non-conservative viscous dissipative force, 1 is 
the density and the δεxx and δu0, δw0 are the virtual strain and virtual displacements.  
Substituting Eq. (7-10) into (6) we obtain: 
5 6 7 8 +   − / + ⁄-+ ⁄
%

− 1 98  −  : : ; 8   −  :  : ; +    <; &&&=& = 0 
                                              (11) 
Using Eq. (5), the elastic and viscous stress can be rewritten and Eq. (11) can be solved to obtain 
the equations of motion: 
>?? = @ A                                               (12) 
 B   + C?? + / = @ A                                              (13) 
where Nxx and Mxx are the force and moment resultants and I0 is the mass moment of inertia. 
These are given by: 
B = 	! &+ ⁄-+ ⁄                                               (14) 
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D =	! &+ ⁄-+ ⁄                                               (15) 
@ = 	! 1&+ ⁄-+ ⁄                                               (16) 
Rewriting the nonlinear strain relationship in simpler notations: 
 = 	E +  E − EE                                              (17) 
where, the term uo’ corresponds to partial differential of u0 with respect to x.  
Substituting Eq. (17) and (4) into (14) and (15) gives: 
B =	F E +  E − GEE + 	H E +E EE − HE EE                              (18) 
D =	G E +  E − IEE +	HEE +E EE − HEE EE                              (19) 
where, 
																																												F, G, I = 	! J1, , &+ ⁄-+ ⁄                                     (20) 
																																												H, HE, HEE = 	! 1, , &+ ⁄-+ ⁄                                               (21) 
For symmetric laminates, the bending-extensional coupling parameter B11 and µ’ are negligible. 
By neglecting axial inertia, the in-plane force resultant (Nxx) becomes invariant of x, i.e. (dNxx/dx) 
= 0.  The in-plane displacements become small, allowing us to write the force and moment 
resultants in terms of the transverse displacement. Integrating over length, the new force and 
moment resultants are obtained as: 
B = ! 2F  E + 	HE EE4 &	L 		                              (22) 
          	D =	! M−IEE − HEE EEN&	L                                                 (23) 
For nonlinear vibration analysis, expressing the transverse displacement as: 
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 ,  = O	P                                              (24) 
where, q(t) corresponding to the temporal function and p(x) corresponds to the spatial function or 
linear vibration mode shape. Substituting Eq. (24) into force and moment resultant equations, i.e. 
Eq. (22), (23) and re-substituting those into the equation of motion; Eq. (13), we can obtain the 
nonlinear equation: 
 OQ + RO + SOT +  OO + UO = /                                             (25) 
where, 
R =	VWW∆ ! PYZ&L                                               (26) 
  																																															S = 	− [WW∆ ! PEE&L ! PE&L                                             (27) 
  																																														 = 	− \∆! PEE&L ! PE&L                                             (28) 
U =	 \]]∆ ! PYZ&L                                               (29) 
∆	= @ ! P&L 	                                              (30) 
Let’s restrict to the case of cantilever beam vibration, hence the boundary conditions are given 
by: 
0 = 0, E0 = 0                                              (31) 
EE^ = 0, EEE^ = 0                                                 (32) 
Eq. (26) represents the linear frequency, Eq. (27) is the nonlinear parameter arising from 
geometrical nonlinearity and Eq. (28), Eq. (29) represent damping terms arising from the Kelvin-
Voigt model. 
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The nonlinear equation can be solved by various perturbation techniques, but in this work, the 
method of multiple time scales (MTS) [18] has been used. Two time scales are introduced which 
give rise to: 
O, _ = O `, ` + 	_O `, `+	..                                             (33) 
where T0 = t and T1 = ϵt. This leads to the transformation of the derivatives of the time scales 
                                                           
bbA = I + _I                                                                  (34) 
                                                           
bbA = I + 2_II+..                                                     (35) 
This approach assumes small displacements along with small nonlinearity. It also assumes that 
the nonlinearity, excitation, and damping are all on the same scale ϵ. Hence, with external 
harmonic excitation, the nonlinear equation is given by: 
																			OQ + RO + _SOT + _ OO + _UO = _/defg                            (36) 
Substituting Eq. (34) and (35) into (36) and separating the coefficients of ϵ0 and ϵ1 terms; 
                                                        IO + RO = 0                                                                (37) 
                  2IIO + IO + RO + SOT + I OT + UOI = /def                           (38) 
The general solution of Eq. (37) subjected to the boundary conditions, i.e. Eq. (31) & (32) is 
given by: 
                                  O = hF `ijk% + F̅ `i-jk%mP                                                     (39) 
where p(x) represents the mode shape resulting from applying the B.C. and is given by: 
        P = 	 √L hcosh.st ^u 0 − cos.st ^u 0 + vj.sinh.st ^u 0 − sin.st ^u 00m                     (40) 
Where, rn is the nth root of the characteristic equation (1+cos(r) cosh(r) = 0) and Ri is given by: 
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                         vj = cos st + cosh st sin st + sinh sty                                                         (41) 
For the first order bending mode, the value of rn was determined to be 1.875.  
Substituting Eq. (39) into (38) and isolating the secular terms (ijk%) which must vanish, leads us 
to: 
                         2FEeR + 3FF̅ + 3FF̅ eR + UFeR = { ij|%                                         (42) 
Introducing a detuning parameter “σ ” defined as: 
                                                           g = 	R + _                                                                     (43) 
Expressing A in polar form and introducing a new parameter ϕ : 
                                                           } = 	 ` − ∆	                                                                   (44) 
                                                          F = 	 ~ij∆	                                                                        (45) 
Substituting Eq. (43-45) into (42) and separating the real and imaginary parts:  
                                           	~E = Fsin} − T~T − U~                                                             (46) 
                                           	~}E =  Fcos} − T k S + ~                                                             (
47) 
At steady state, the terms a’ and aϕ’ will vanish. Hence by squaring and adding Eq. (46) and 
(47), the frequency response equation can be obtained as: 
                                           	T ~T + U~ + ~ − T k S =	 {k                                           (48) 
3. EXPERIMENT 
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3.1 Sample Preparation 
The analytical model was built with an aim of studying the effect of changing the fiber 
orientation and laminate sequences. Hence, the following orientations and laminate sequences 
were chosen for the study; [015]s, [4515]s, [9015]s, [(0/90)7/0]s, [(90/0)7/90]s, and [(0/45/-
45/90)6]s. Carbon fiber/epoxy pre-pregs were used to fabricate all the laminates. The [0], [45] 
and [90] samples were cut out from a [015]s laminate at different orientations, i.e. 00, 450 and 900 
to the fiber orientation. Similarly, the [0/90], [90/0] samples were cut out from a [(0/90)7/0]S 
laminate at 00 and 900 to the global axis. Laminate fabrication was done by curing the 
carbon/epoxy pre-preg in hot press, and 25.4 mm (width) X 152.4 mm (length) coupons were cut 
and used for experiments. All laminates were 4 mm thick, except for the QIS, which was 6 mm 
thick. Since pre-pregs were used for fabricating all the samples, the fiber volume fraction for all 
samples were nominally 60%. Since the samples were cut from a single plate, their variability in 
terms of voids, fiber volume fraction etc. was very small. All samples used in this study were 
inspected with immersion ultrasonic C-Scans and no defects were found.  
3.2 Experiment Setup 
Nonlinear resonance testing was performed using the setup shown in Fig. 1. A magnetostrictive 
actuator was used to excite the sample in a particular frequency range. The sample was directly 
mounted onto the actuator head at its geometric center. It was observed that this type of 
mounting produces a double cantilever with half beam length, which was later confirmed with a 
linear finite element analysis. A continuous waveform generator and amplifier with sinusoidal 
output was used to drive the actuator. Vibration amplitude was measured using an accelerometer 
mounted on the sample and the vibration frequency was tracked using a lock-in amplifier. A 
broad frequency sweep was performed to determine the lowest order bending mode, then a 50 Hz 
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sweep was performed on either side of the resonant frequency (sweep length of 100 Hz). The 
100 Hz sweep was repeated for various excitation voltage and the resonance curves were plotted 
together as shown in Fig. 2.  
4. RESULTS 
From the frequency response equation; Eq. 48, it can be observed that there are three parameters 
which control the response of the equation: (a) linear frequency (β), (b) damping parameters (α, 
δ), and (c) nonlinearity parameter (γ). Each of these parameters can be calculated theoretically, 
and extracted experimentally to do a comparison between the values.  
4.1 Theoretical parameters 
Linear frequency (β) is given by Eq. (26) and nonlinearity parameter is given by Eq. (27). It can 
be noticed from Eq. (21) that the Kelvin-Voigt damping terms represent an equivalent damping 
for a given laminate sequence. The damping term  in Kelvin-Voigt model can be rewritten in 
terms of damping ratio by substituting  as: 
                                           	 = 6J@^ @y =	                                                                          (49) 
where,  is the damping ratio and Iyy is the area moment of inertia given by bh3/12.  
The first term on the left hand side of Eq. (48) collectively represents an equivalent damping 
term. By solving Eq. (48), it can be observed that contribution from δ is minimal compared to the 
contribution from α. Therefore, only α will be considered for damping.  
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Since unidirectional laminas are transversely isotropic in nature, their damping characteristics are 
also transversely isotropic with in-plane, transverse, and shear damping. The on-axis damping 
matrix is given by: 
                                           	MLN =  0 00  00 0                                                                           (50) 
The off-axis damping matrix for individual lamina can be calculated using: 
                                           	MN = MvN%MLNMv-N%                                                                           (51) 
where, R is the rotation or transformation matrix given by [19]: 
                 	MvN =  d def −2defddef d 2defddefd −defd d − def                                                       (52) 
The global and local coordinates are related through the angle of the lamina, . Substituting for  
in Eq. (52) and using Eq. (50) & (51), the off axis damping matrix for the lamina can be 
obtained. Similarly, the off-axis stiffness matrix can be obtained using Eq. (52) and the global 
stiffness matrix. The laminate properties can be obtained by using the results for individual 
lamina and integrating over the entire thickness of the laminate using Eq. (20) & (21). This 
analysis can be found in most composite textbooks [17,19]. This will help in determining D11, 
A11, and HEE which are required to calculate the linear frequency, nonlinearity parameter and the 
damping term for any given lamina orientation and laminate sequences.   
The material properties listed in Table 1 for unidirectional carbon/epoxy laminates were used to 
calculate the model parameters. The damping matrix given in Eq. (50) has to be determined 
experimentally for a unidirectional laminate, which is beyond the scope of this study. Hence for 
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a relative measure, the values given by Youzera et al. [10] have been used. The literature values 
of the damping would allow us to evaluate the model. The model parameters calculated from Eq. 
(26), (27) and (49) for various laminate sequences have been listed in Table 2.  
4.2 Model parameters extraction 
To compare experimental and theoretical results, the model parameters found in theory have to 
be extracted from the experimental results. From the frequency response equation, it can be 
observed that there are three parameters which have to be extracted from experiments; (a) linear 
frequency, (b) damping parameter, and (c) nonlinearity parameter.  
4.2.1 Linear frequency   
The linear frequency was obtained by performing a frequency sweep at the lowest excitation 
amplitude (lowest amplifier setting), and identifying the linear resonant frequency corresponding 
to the peak amplitude in the considered sweep range. As seen in Fig. 2, the linear resonant 
frequency can be identified as 948 Hz for [0] laminate. The experimentally extracted linear 
frequencies have been listed along with the theoretically predicted linear frequencies in Table 2. 
Nominally good match between experimental and theoretical frequencies can be observed for all 
orientations. 
4.2.2 Damping parameter 
The damping parameter was determined experimentally using the expression:  
- = 	                                                                 (53) 
where. fhw is the frequency width at half the peak amplitude of the resonant peak f0. This 
measurement was carried out in the resonance curve corresponding to the lowest excitation 
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voltage (linear resonance curve). Experimental and theoretical damping parameter values have 
been shown in Table 2.  
4.2.3 Nonlinearity parameter 
The nonlinearity parameter can be extracted directly form the experimental data, by performing 
an inversion procedure. However, it is vital to use the correct formulation for strain, which 
includes the effect of mode shape, and the boundary conditions.  
The strain in an Euler beam is given by: 
 =  ∗ 1	                                             (54) 
where y is the distance from the neutral axis to the measurement point, in this case it’s the top 
surface of the beam since strain is measured at the surface. Hence, y = h / 2, where h is the 
thickness of the beam. 1	is the radius of curvature of the beam given by: 
1 = : :u 	                                             (55) 
Using the earlier assumptions, displacement in-terms of vibration amplitude (a) can be written 
as: 
 = ~ ∗ P	                                             (56) 
where p(x) represents the mode shape given by Eq. (40).  
Substituting Eq. (56) into (55) and subsequently into Eq. (54), strain can be written as: 
 = ~ℎPEE 2u                                              (57) 
Hence, the nonlinearity parameter can be obtained using the peak of the frequency response 
curve as: 
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S =	 8RℎPEE 12Py                                             (58) 
where, σ is the detuning parameter, β is the linear frequency, h is the thickness of the plate, ε is 
the strain, and γe is the experimental nonlinear parameter that is to be determined. p(x) is the 
mode shape given by Eq. (40), and has to be evaluated at the point of measurement, i.e. at beam 
tip, hence L. The experimental nonlinear parameter extracted for different lamina sequences have 
been listed in Table 2 along with the theoretical values.   
4.3 Comparison between experiment and theory 
Classic nonlinear response is well described in the literature [20]. This type of nonlinearity can 
be accurately described for homogenous materials such as single crystals, and metals with lower 
dislocation density. However for heterogeneous and complex materials such as composites, there 
are several factors which can influence the nonlinear response. Based on the size scale, the 
nonlinear response exhibited by a laminate can be influenced by 2 types of parameters: a) Macro 
scale parameters, which include, fiber orientation, stacking sequences, etc. b) micro and meso 
scale defects, which include fiber-fiber interactions, crazing, micro-cracks, voids, etc. To 
accurately model the experimental observation, one has to include all these factors into a unified, 
multi-scale model which can capture the response across different scales. Such a model is very 
tedious and impossible with the current understanding of how these parameters are coupled and 
interact with each other. All properties including damping matrix have to be measured in order to 
get a good quantitative comparison. Therefore, this section only focuses on a qualitative 
comparison rather than a quantitative comparison between the extracted model parameters.  
The values of nonlinearity parameter and loss factors obtained experimentally and theoretically 
from Table 2, were plotted together as shown in Fig 3. The theoretical values are higher than the 
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experimental values, hence they were plotted on a secondary axis for a qualitative comparison. It 
can be observed from Fig. 3(a) that [0] exhibits a higher γ compared to [45] and [90]. Multi-
layered laminates (MLM), i.e. [0/90], [90/0] and [0/45/-45/90] have a higher γ  than 
unidirectional (UD) laminates, with an exception to [0]. Comparing the theoretically obtained 
and experimentally extracted γ values, it can be observed that the trend within UD and MLM is 
preserved in experiment and theory. Although the [0/90] laminate has only two extra 00 plies 
compared to [90/0], since [0] exhibits higher γ  value compared to [90], [0/90] has a higher γ 
compared to [90/0]. This trend is consistent in both experimental and theoretical γ values.  
The theoretical damping parameters which were calculated were plotted along with the 
experimental damping parameter in Fig. 3(b). Since the damping matrix used to calculate the 
damping parameters were obtained from literature for generic carbon/epoxy laminates, a 
quantitative comparison to experimental values cannot be performed. Hence, similar to γ, a 
qualitative analysis was performed. Compared to experimental damping values, the model 
overestimates the damping for [45], which is expected, since the theoretical damping parameters 
were obtained from literature for a similar material. However, a nominally good agreement in 
trend can be observed between experimental and theoretical values for all other sequences, which 
is also consistent with the γ  trend. The nonlinear model seems to predict the relative nonlinear 
response and damping for different fiber orientations and laminate sequences, which is the 
primary objective of this work.  
Using the theoretical linear frequency, nonlinearity parameter and damping parameter from 
Table 2 for [0], [45], and [90], Eq. (48) was solved to obtain the theoretical resonance curve.  A 
theoretical frequency sweep of 50 Hz was performed with the linear resonant frequency at the 
 
 
 
M
AN
US
CR
IP
T
 
AC
CE
PT
ED
ACCEPTED MANUSCRIPT
18 
 
center of the sweep and the resulting theoretical vibration amplitude (a) was converted into strain 
using Eq. (57). The excitation amplitude (F) was increased and the process was repeated. When 
all the resonance curves are plotted together as shown in Fig. 4, it can be noticed that until a 
certain strain value, the resonant frequency of the beam does not shift, and this can be identified 
as the linear region. Beyond this strain, a quadratic decrease in frequency can be observed, which 
can be identified as the classic nonlinear zone. This linear and quadratic behavior has been 
described earlier by Landau and Lifhitz [20]. The two strain ranges can be observed in the 
experimental data too. All three orientations show a shift in the resonance frequency, but at 
different strain amplitudes, and different magnitudes of shift. To compare theoretical results 
directly with experimental results, frequency shifts from experimental data can be compared to 
theoretical frequency shifts. However, the theoretical results use damping parameters from 
literature, which do not match the actual experimental damping parameters. Hence, these 
theoretical resonance curves cannot be directly compared with the experimental resonance 
curves. 
4.4 Model prediction 
Instead of overlaying the theoretical and experimental resonance curves, the model can be used 
to predict the resonance curves for the experimentally extracted model parameters, namely linear 
frequency, nonlinearity parameter, and damping parameter as described in the earlier section. 
The extracted model parameters were used in the frequency-response equation given by Eq. (48) 
to generate the model predicted resonance curves for various excitation. For the comparison, 
only data from [0], [45] and [90] have been considered. The peak frequencies for each resonance 
curve was used to determine the shift in the resonance frequency, with frequency shift being 
defined as ∆f = f – f0 where f0 is the lowest amplitude excitation. Since different laminate 
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sequences have different resonant frequencies, the frequency shift was normalized to the lowest 
amplitude resonant frequency f0.  
The experimental and model predicted frequency shifts for different laminate sequences have 
been plotted in Fig 5(a), (b) and (c). From Fig 5(a), it can be observed that the model prediction 
for [0] does not match very well with the experimentally obtained data. For a good experimental-
theoretical correlation, both the linear and nonlinear zones have to be captured experimentally. 
However, due to lack of measurement sensitivity at very low amplitudes due to the instruments’ 
limitations, the linear zone was not captured for the [0] laminate. However, a better fit for [45] 
can be observed from Fig 5(b), where both the linear and classic nonlinear zones were captured. 
Similarly [90] exhibits a good agreement between experiment and the model prediction as can be 
seen in Fig 5(c).  
5. SUMMARY 
The importance of this work lies in the ability of the model to capture the physical effect that was 
observed experimentally. A nonlinear viscoelastic model based on geometric nonlinearity and 
Kelvin-Voigt damping term was developed. The model was able to predict the linear frequency, 
nonlinearity parameter and damping parameter for any given lamina orientation and sequence. 
Although pure theoretical γ values cannot be directly compared to experimental values, a good 
qualitative agreement can be observed between them. Furthermore, by substituting the 
experimental γ values into the model equation along with other model parameters, a good 
agreement between experimental frequency shift and model predictions was observed. This 
suggests that the model developed in the current work can map the observed experimental 
response, or capture the physical effect. Higher order shear deformation theories have been used 
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by other authors in theoretical models, however, the simpler 1st order model presented here is 
easier for experimental validation, especially for the inversion. A nonlinear Kelvin-Voigt 
damping model will be reserved for future work. Similarly a nonlinear stress-strain relationship 
coupled with nonlinear strain-displacement relationship will be explored as a part of future work.  
The model presented here only includes the effect of fiber orientation and laminate sequence. 
However, this can be extended to include the effect of volume fraction, and porosity. Changes in 
fiber and matrix volume fraction will change the in-plane properties of the laminate, which 
affects C11 (and in turn affects nonlinearity parameter and linear frequency) and the damping 
matrix (damping parameter). A change in these parameters would result in an overall change in 
the frequency shift and the strain at which the frequency shift occurs. However, other physical 
nonlinear sources such as fiber-matrix interface interaction, fiber-fiber interaction etc. have to be 
considered. The variation of fiber volume fraction and porosity is vital while studying the effect 
of different manufacturing methods such as resin-infusion, hot-press, and autoclave, since some 
techniques have large variability compared to others.  
Modeling and understanding the nonlinear response of composites is important due to the fact 
that composites are anisotropic and cannot be generalized. Each lamina sequence exhibits a 
certain level of nonlinearity different from other sequences, which makes generalizing 
nonlinearity difficult. However, knowledge of the nonlinear response based on lamina sequence 
and orientation will help in characterizing the baseline response of composites, especially while 
integrating the nonlinear properties into the design phase of a structure.  
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FIGURE CAPTIONS: 
Figure 1: (single column) Experimental setup used to measure the classic nonlinearity parameter.  
Figure 2: (single column) Experimental resonance curves obtained by sweeping over 100 Hz. As 
the excitation amplitude increases, the resonance curves start shifting to the left. 
Figure 3: (double column) (a) The experimental and theoretical nonlinearity parameters have 
been plotted together, (b) The experimental and theoretical damping parameters have been 
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plotted together. The line connecting the theoretical data points does not represent a fit, rather it 
is only used to show the trends for ease of presentation. 
Figure 4: (double column): Theoretical resonance curves for increasing excitation amplitude for 
various laminates; (a) [0], (b) [45], and (c) [90]. Similar to experimental observation, a decrease 
in resonant frequency can be noticed.  
Figure 5: (double column) The experimental frequency shifts have been plotted together with the 
model predictions using model parameters extracted experimentally. (a) [0] laminate, (b) [45] 
laminate, and (c) [90] laminate. The dotted line (…) represents model predictions, and dots (●) 
represent the experimental data.  
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TABLE 1: Material properties of lamina used for analytical model. 
 
* Damping ratios ψ11 , ψ22, and ψ66 were obtained from Ref [10]. 
 
 
 
 
 
TABLE 2: Model parameters calculated theoretically and measured experimentally for 
different lamina sequences.  
Lamina 
Sequence 
Theoretical Experimental 
Linear 
Frequency 
(Hz) 
Non-linearity 
parameter 
(m-2s-2) 
Damping 
parameter 
(α) 
Linear 
Frequency 
(Hz) 
Non-linearity 
parameter 
(m-2s-2) 
Damping 
parameter 
() 
[0] 950.4 -7.09e15 0.00255 948.78 -2.23e15 0.0103 
[45] 265.4 -5.53e14 0.00343 259.69 -8.24e13 0.0312 
[90] 204 -3.27e14 0.00425 202.21 -7.85e13 0.0321 
[0/90] 718 -3.93e15 0.00259 736.18 -1.50e15 0.0107 
[90/0] 655.3 -3.48e15 0.00261 686.2 -1.27e15 0.0145 
[0/45/-45/90] 1255.7 -4.36e15 0.00266 1257.5 -2.55e15 0.0092 
 
 
Properties Value 
Ex 132 GPa 
Ey 6.08 GPa 
νxy 0.28 
Gxy 4.56 GPa 
ρ 1580 Kg/m3 
ψ11 0.00255* 
ψ22 0.00425* 
ψ66 0.0066* 
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